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We consider wormhole solutions in five-dimensional Kaluza-Klein gravity in the presence of a
massless ghost four-dimensional scalar field. The system possesses two types of topological nontriv-
iality connected with the presence of the scalar field and of a magnetic charge. Mathematically, the
presence of the charge appears in the fact that the S3 part of a spacetime metric is the Hopf bundle
S3 → S2 with fibre S1. We show that the fifth dimension spanned on the sphere S1 is compacti-
fied in the sense that asymptotically, at large distances from the throat, the size of S1 is equal to
some constant, the value of which can be chosen to lie, say, in the Planck region. Then, from the
four-dimensional point of view, such a wormhole contains a radial magnetic (monopole) field, and
an asymptotic four-dimensional observer sees a wormhole with the compactified fifth dimension.
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I. INTRODUCTION
Wormholes are hypothetical strongly gravitating objects connecting two (or more) distant regions of spacetime. At
the present time, they have several applications in theoretical physics, including: (a) the attempt to describe physics
as pure geometry (the model of a charged particle in the form of the Einstein-Rosen bridge [1]); (b) Wheeler’s idea of
“charge without charge” [2]; (c) the model of a traversable Lorentzian wormhole, suggested by Morris and Thorne [3]
(for a review, see the book of Visser [4]); (d) the development of the Euclidean approach to quantum gravity [5].
The principal feature of any wormhole is the presence of a nontrivial topology, and this appears in the fact that such
a configuration has a n-dimensional hypersurface of minimal area. The possibility to construct such solutions strongly
depends on which particular model is under consideration. For example, in four-dimensional Einstein’s gravity (for
which n = 2) static solutions describing the above-mentioned Lorentzian wormholes can be obtained only in the
presence of the so-called exotic matter violating the null energy condition (see, e.g., Ref. [4]). In the case of modified
gravity theories or in considering wormhole models within the framework of multidimensional theories of gravity, the
presence of exotic matter is not already necessary (examples of such solutions can be found, e.g., in Refs. [6]).
In the present paper we deal with wormhole solutions within the framework of 5D Kaluza-Klein gravity. The
literature in the field offers simple analytical vacuum solutions, some of which may be interpreted as describing
Lorentzian wormholes [7–10]. These models contain three types of charges – electric, magnetic, and scalar, the
relation between which determines the properties of resulting solutions. Namely, one can obtain solutions describing
spacetimes with trivial and nontrivial topologies, or they can contain singularities, or, being regular, they can have
a peculiar behavior in some regions of spacetime. The latter is manifest as follows: In the case of wormhole-like
solutions with only electric charge qe, the time coordinate changes its sign and becomes spacelike in inner regions of
a configuration at distances r2 < q2e [11]. Such a wormhole is nontraversable in the sense that a test particle cannot
pass through it from one asymptotically flat region to the other [12]. In the case where there is only a magnetic
charge qm, wormhole-like solutions have a true singularity at the points r = qm/2 [9, 10], and such solutions cannot
in general be regarded as describing a wormhole in the sense that they cannot be extended analytically to infinity. It
is obvious that systems containing both electric and magnetic charges will possess properties either of electric or of
magnetic wormholes, according as which of the fields dominates [9, 10].
The objective of the present paper is to construct static wormhole solutions with only magnetic charge which
(a) are regular in the entire range (−∞ < r < +∞), (b) do not change the metric’s signature, (c) provide the size of
an extra dimension to be of the order of the Planck length (since such configurations are of most interest from the
point of view of a four-dimensional observer). To obtain solutions possessing such properties, here we will consider
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2a five-dimensional Kaluza-Klein wormhole in the presence of an additional ghost/phantom four-dimensional scalar
field, i.e., a scalar field with the opposite sign in front of the kinetic energy term. At the present time, such fields
are widely used in modeling the current accelerated expansion of the Universe (see, e.g., the reviews [13]). Their
important property is that they may violate the weak/null energy conditions, thus providing the conditions for the
creation of configurations with nontrivial topology.
The system will possess two types of topological nontriviality. The former is connected with the presence of the ghost
scalar field, which determines a wormhole topology of the system in question. The second topological nontriviality is
due to the presence of a magnetic charge, that results in the fact that the S3 part of a spacetime metric is the Hopf
bundle S3 → S2 [14] with fibre S1 where the fifth dimension is spanned on. We will show below that in the model
under consideration there is a possibility of compactifying this fifth dimension to sizes, say, of the order of the Planck
length. Then, from the point of view of a four-dimensional observer, such a wormhole may be regarded as an usual
four-dimensional wormhole containing a radial magnetic (monopole) field.
II. GENERAL 5D EQUATIONS AND THEIR NUMERICAL SOLUTIONS
As pointed out in the Introduction, the objective of the present paper is to construct five-dimensional wormhole
solutions. To do this, we consider a model of a gravitating massless scalar field φ within the framework of 5D
Kaluza-Klein gravity. Our starting point is the Lagrangian
L = − 1
2κ
R(5) +
ε
2
∂µφ∂
µφ, (1)
where ε = ±1 corresponds to usual and ghost scalar field, respectively, and κ = 8piGˆ with Gˆ to be a five-dimensional
gravitational constant (hereafter we work in units such that c = 1). In considering wormhole-like configurations, we
take a static metric of the form
ds2 = dt2 − dr2 − a (dθ2 + sin2 θdϕ2)− b2 (dψ +m cos θdϕ)2 , (2)
where the metric functions a, b depend on the radial coordinate r only, and ψ, θ, ϕ are angular coordinates. The
constant m may be regarded as a magnetic charge or, in mathematical language, as the Hopf invariant [14] (see below
in Sec. III).
Because of the presence of nondiagonal components in the metric (2), it is convenient to use the vielbein formalism,
in which the Einstein equations are
Rcd −
1
2
δcdR = κT
c
d , (3)
where c, d = 0¯, 1¯, 2¯, 3¯, 5¯ are the vielbein indexes. The corresponding energy-momentum tensor is
T µν = ε
(
∂νφ∂
µφ− 1
2
δµν ∂ηφ∂
ηφ
)
, (4)
where µ, ν, η = 0, 1, 2, 3, 5 are the world indexes, and the conversion from the vielbein language to the language of
world indexes is performed in the usual manner. In turn, a general equation for the scalar field is obtained by varying
the Lagrangian (1) with respect to φ,
1√−g
∂
∂xµ
(√−ggµν ∂φ
∂xν
)
= 0. (5)
Using the metric (2) and the energy-momentum tensor (4), the Einstein equations take the form
a′′
a
− 1
4
(
a′
a
)2
− 1
a
+
3
4
m2
(
b
a
)2
= −ε
2
Q2
a2b2
, (6)
b′′
b
+
a′
a
b′
b
− 1
2
m2
(
b
a
)2
= 0 , (7)
−1
4
(
a′
a
)2
− a
′
a
b′
b
+
1
a
− 1
4
m2
(
b
a
)2
= −ε
2
Q2
a2b2
, (8)
3where we have employed the solution of the scalar-field equation (5)
φ′(r) =
Qφ
ab
(9)
with the integration constant Qφ (the scalar charge). In the above equations, the prime denotes differentiation with
respect to the radial coordinate, and Q2 = κQ2φ. Equation (6) and (7) are the linear combinations 2
[(
0¯
0¯
)− (2¯2¯)
]
− (1¯1¯)
and
[(
5¯
5¯
)− (0¯0¯)
]
of the components of the Einstein equations, and Eq. (8) is the
(
1¯
1¯
)
component.
Since here we seek wormhole solutions which are symmetric with respect to the center r = 0, the functions a(r), b(r)
must be even, and consequently a′(0) = b′(0) = 0. Then the constraint equation (8) yields
a(0) =
m2
4
b2(0)− ε
2
Q2
b2(0)
. (10)
Consideration of such symmetric solutions assumes that the parameter εmust be taken as -1. Indeed, by considering
the
[(
0¯
0¯
)− (1¯1¯)
]
component of the Einstein equations
a′′
a
+
b′′
b
− 1
2
(
a′
a
)2
= −ε Q
2
a2b2
,
one can see that positive values of the second derivatives a′′(0), b′′(0) corresponding to a minimum of the functions
a, b at the throat can be realized only at ε = −1.
Let us now turn to a consideration of possible solutions to the system under consideration. Consider first the case
with m = 0 that corresponds to the topologically trivial case with the Hopf invariant equal to zero. (Notice that in
this case the spacetime topology remains nontrivial.) Then a solution to Eqs. (6) and (7) is given by the expressions
a(r) = r2 +
Q2
2b2c
, (11)
b(r) = bc = const. (12)
The expression (11) resembles the well-known 4D solution for a wormhole supported by a massless ghost scalar
field [15]. On the other hand, the 5D case being considered here contains the arbitrary constant bc which can be
chosen to have, for example, the Planck values bc ∼ O(lPl). Thus the spacelike hypersurface t, r = constant has the
S2 × S1 topology, and for a four-dimensional observer the solutions (11), (12) can be interpreted as describing a 4D
wormhole embedded in a 5D spacetime with the compactified fifth dimension.
Consider now topologically nontrivial solutions with a non-zero Hopf invariantm. In this case we will seek numerical
solutions to Eqs. (6) and (7) using the following dimensionless variables:
a˜ =
a
b2(0)
, b˜ =
b
b(0)
, Q˜ =
Q
b2(0)
, r˜ =
r
b(0)
. (13)
For convenience, we hereafter drop the tilde. As the boundary conditions, we use the constraint (10) and also take
into account the symmetry of the solutions to yield
a(0) =
m2
4
− ε
2
Q2, a′(0) = 0, b(0) = 1, b′(0) = 0. (14)
III. PROPERTIES OF THE SOLUTIONS
The results of numerical calculations are shown in Figs. 1 and 2. A remarkable property of the obtained solutions
is that asymptotically, as r → ±∞, the function b(r) tends to some constant value b∞. Then, starting, say, from some
b(0) ∼ O(lPl) and choosing the appropriate value of Q (which must be large enough, see at the end of this section),
we have b∞ of the order of lPl. This assumes that the scale of the fifth dimension is always of the order of the Planck
scale, i.e., the fifth dimension may be regarded as compactified.
According to the traditional Kaluza-Klein interpretation of a five-dimensional metric, we have a 4D spacetime plus
a scalar field and a radial magnetic field: the scalar field comes from the g5¯5¯ component of the 5D metric (2), and
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FIG. 1: The metric functions a(r) (left panel) and b(r) (right panel) are shown for different values of the scalar charge
Q1 < Q2 < Q3. The dashed lines correspond to Q1, the solid lines - to Q2, and the dotted lines - to Q3. For both panels m = 1.
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FIG. 2: The scalar function φ(r) is plotted for the same values of Q’s and m as those in Fig. 1. The curves for Q1, Q2, and Q3
are shown by the dashed, solid, and dotted lines, respectively.
the radial magnetic field appears from the term m cos θdϕ. In addition, we have the massless four-dimensional ghost
scalar field φ.
The line element
dl2 = a
(
dθ2 + sin2 θdϕ2
)
+ b2 (dψ +m cos θdϕ)
2
(15)
is the metric on the S3 sphere, but this sphere is presented as the Hopf bundle S3 → S2 with fibre S1 spanned on the
coordinate ψ, and the metric on the base of the bundle S2 is dl2 = a
(
dθ2 + sin2 θdϕ2
)
. Such a nontrivial bundle has
the Hopf invariant defined as
H =
1
V
∫
Θ ∧ dΘ , (16)
where Θ is some 1-form and V = ab
∫
sin θdθdϕdψ is the volume of the S3 sphere. In our case this form is
Θ = ab (dψ −m cos θdϕ) . (17)
Substituting Eq. (17) in Eq. (16), one can obtain H = m. Since for the numerical calculations we chose m = 1 then
H = 1 for the problem under consideration.
5Analyzing the obtained numerical solutions, we can find their asymptotic behavior in the form
b ≈ b∞ + b1|r| , (18)
a ≈ r2 + r20 + a1 ln r2, (19)
where b1, a1 are some constants. From the 4D point of view, the system in question contains the radial magnetic of
strength
Hr = mb
a
(20)
with the non-zero flux passing through the wormhole throat
Φ0 = 4pia(0)Hr = 4pimb(0). (21)
The presence of such non-zero flux means that asymptotic observers located on the two ends of the wormhole will see
negative and positive magnetic charges.
The numerical calculations indicate that there exists a critical value of the scalar charge Qc, and regular solutions
with the compactified fifth dimension can exist only at Q > Qc. In the case when Q < Qc there are only singular
solutions. These singular solutions are similar to those found in Ref. [9] where no ghost scalar field is present. As in
the case considered here, it was shown there that singularities also occur at some finite distance from the center.
IV. CONCLUSIONS
In the present paper, we have found static wormhole solutions within the framework of 5D Kaluza-Klein gravity in
the presence of a massless ghost four-dimensional scalar field. The cases of the zero and non-zero Hopf invariant H
(or, equivalently, of the zero and non-zero magnetic charge m) have been considered.
For the case H = 0, there exists a 5D solution with the metric function g5¯5¯ ≡ b2 = constant, which can be chosen
such as to have the size of the order of the Planck length. This means that the fifth dimension is compactified on
the fibre S1. This solution is similar to the well-known 4D wormhole solution supported by a massless ghost scalar
field [15].
For the case of the non-zero Hopf invariant (in particular, for H = 1 used here), we showed the following.
(1) There exist regular static, spherically symmetric solutions found numerically by solving the coupled Einstein-
scalar field equations subject to a set of appropriate boundary conditions. The obtained solutions may be
regarded as describing configurations having two types of topological nontriviality connected with the presence
of a wormhole and of a magnetic charge.
(2) The t, r = constant section of the wormhole metric is topologically nontrivial, and being the 3D sphere S3 can
be presented as the Hopf bundle S3 → S2 with fibre S1.
(3) The fifth dimension is compactified. This means that the length of circle, 2pib(r), spanned on the fibre S1 of
the Hopf bundle, is asymptotically finite: b(∞) ≡ b∞ < ∞. In particular, b∞ can be taken of the order of the
Planck length.
(4) After compactification we have the radial magnetic field whose force lines pass through the wormhole from one
asymptotic region to the other. Thus, an asymptotic observer sees a monopole with magnetic charge equal
to Hb∞.
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